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CHAPTER §

Infinite Series

» Use the Direct Comparison Test to determine whether a series converges or

diverges.
¢ Use the Limit Comparison Test to determine whether a series converges or

diverges.

Direct Comparison Test

For the convergence tests developed so far, the terms of the series have to be fairly
simple and the series must have special characteristics in order for the convergence
tests to be applied. A slight deviation from these special characteristics can make a test
nonapplicable. For example, in the following pairs, the second series cannot be tested
by the same convergence test as the first series even though it is similar to the first.
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1. — is geometric, but Eo --2n is not,
=

1
P+l

je.=]
is a p-series, but > is not.
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In this section you will study two additional tests for positive-term series. These two
tests greatly expand the variety of series you are able to test for convergence or
divergence. They allow you to compare a series having complicated terms with a
simpler series whose convergence or divergence is known.
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Let0 < g, < b, forall n.
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1. If E b, converges, then 2 a, converges.

n=1 n=1i
o0 [==]
2. If ) a, diverges, then 2 b, diverges.
n=1 n=1

Proof To prove the first property, let L = i b, and let

r=1
S, =a, +a,+' " +a,

Because (0 < a, < b, the sequence S|, S,, Sy, . . . is nondecreasing and bounded
above by L; so, it must converge, Because

n—oo

lim S, = Sa,
n=1

it follows that X a_converges. The second property is logically equivalent to the first.
T

NOTE As stated, the Direct Comparison Test requires that 0 < a, < b, for all n. Because the
convergence of a series is not dependent on its first several terms, you could modify the test to
require only that 0 < a, < b, for all # greater than some integer N,



NOTE To verify the last inequality
in Example 2, try showing that
2+ /n S nwhenevern 2 4.
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EXAMPLE | Using the Direct Comparison Test

Determine the convergence or divergence of

3 1

Solution This series resembles -

& 1
21 5; Convergent geometric series
n=

Term-by-term comparison yields

1 1
= — -3
2+3 b w2 1.

an

So, by the Direct Comparison Test, the series converges.

EXAMPLE 2 Using the Direct Comparison Test
Determine the convergence or divergence of

» 1

n=1 2+ \/7_1

Solution This series resembles

b8

W' Divergent p-series

n=|
Term-by-term comparison yields

D S S
2+ /n~ Jn =
which does not meet the requirements for divergence. (Remember that if term-by-term
comparison reveals a series that is smaller than a divergent series, the Direct
Comparison Test tells you nothing.) Still expecting the series to diverge, you can
compare the given series with

=1

- Divergent harmonic series

n=1 n ’

In this case, term-by-term comparisen yields

1 1
a”—n£2+ﬁ_

and, by the Direct Comparison Test, the given series diverges. ———

b, n=24

n*

Remember that both parts of the Direct Comparison Test require that 0 < @, S b,.
Informally, the test says the following about the two series with nonnegative terms.

1. If the “larger” series converges, the “smaller” series must also converge.
2. If the “smaller” series diverges, the “larger” series must also diverge.
g
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NOTE As with the Direct Comparison
Test, the Limit Comparison Test could
be modified to require only that a, and
b, be positive for all n greater than some
integer N.

Limit Comparison Test

Often a given series closely resembles a p-series or a geometric series, yet you cap.
not establish the term-by-term comparison necessary to apply the Direct Comparison
Test. Under these circumstances you may be able to apply a second comparison test,
called the Limit Comparison Test,

THEOREM 9.13  Limit Comparison Test ~ ' .~
Suppose that a, > 0, b, > 0, and
i () = 2

where L is finite and positive. Then the two series Z a_and I b, either both
converge or both diverge.

Proof Becausea, > 0,5, > 0, and

AN
tim (3] - ¢
there exists N > 0 such that,

0<%<L+I, forn = N.

This implies that
0<a, <(L+ 1),

So, by the Direct Comparison Test, the convergence of Z b, implies the convergence
of £ a,. Similarly, the fact that

(k) _ 1
nll)lgo (an) L

can be used to show that the convergence of = a, implies the convergence of T b,.
L]

EXAMPLE 3 Using the Limit Comparison Test

Show that the following general harmonic series diverges.
& 1

Sian + b

a>0 b>0

Solution By comparison with

2 - Divergent harmonic series
a=1 B
you have
. 1/{an + b) . n 1
im ——— = ==
n—400 /n nscan +b  a

Because this limit is greater than 0, you can conclude from the Limit Comparison Test
that the given series diverges. ——
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The Limit Comparison Test works well for comparing a “messy” algebraic series
with a p-series. In choosing an appropriate p-series, you must choose one with an nth
term of the same magnitude as the nth term of the given series.

Given Series Comparison Series Conclusion
S Both seri '
-5 ’ otn series co .
2 32 — 4n +5 rzl 2 nverge
$ $ 1 Both series di
—_— i oth series wverge.
n=1w 3n—2 =1 n
o nl - 10 =] n2 o ] .
3 — = 2 = Both series converge.
=14t e R T R

In other words, when choosing a series for comparison, you can disregard all but the
highest powers of r in both the numerator and the denominator.

EXAMPLE 4 Using the Limit Comparison Test

Determine the convergence or divergence of
o0
Z[ n2 + l

Solution Disregarding all but the highest powers of n in the numerator and the
denominator, you can compare the series with

oo f =
E e 2 n¥7 Convergent p-serics
Because

tim % = lim (_____ﬁ )('ﬁf)
n—co bn N3O0 n2 +1 1

2

n

nll)ngo n2 + 1 =1

you can conclude by the Limit Comparison Test that the given series converges.

EXAMPLE 5 Using the Limit Comparison Test

Determine the convergence or divergence of
E n2h
i+ 1

Solution A reasonable comparison would be with the series

3 Divergent series
a1

Note that this series diverges by the nth-Term Test. From the limit

lim 4 _ lim (—f—%f——)(n—z)
H—»00 b N3O0 4?13 + 1 2"

hm——l-—- 1
T oo 4+ (l/ﬂ 4

you can conclude that the given series diverges. —
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Exercises for Section 9.4

1. Graphical Analysis The figures show the graphs of the first 10

terms, and the graphs of the first 10 terms of the sequence of par-

tial sums, of each series.
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(a) Identify the series in each figure,
(b) Which series is a p-series? Does it converge or diverge?

(c) For the series that are not p-series, how do the magnitudes
of the terms compare with the magnitudes of the terms of the
p-series? What conclusion can you draw about the
convergence or divergence of the series?

(d) Explain the relationship between the magnitudes of the
terms of the series and the magnitudes of the terms of the

partial sums,
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Graphs of terms Graphs of partial sums

. Graphical Analysis The figures show the graphs of the first
10 terms, and the graphs of the first 10 terms of the sequence of
partial sums, of each seties,
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(a) Identify the series in each figure.

(b} Which series is a p-series? Does it converge or diverge?

(c) For the series that are not p-series, how do the magnitudes
of the terms compare with the magnitudes of the terms of the
p-series? What conclusion can you draw about the
convergence or divergence of the series?

(d) Explain the relationship between the magnitudes of the
terms of the series and the magnitudes of the terms of the
partial sums.
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In Exercises 314, use the Direct Comparison Test to determine
the convergence or divergence of the series.
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In Exercises 15-28, use the Limit Comparison Test to determine
the convergence or divergence of the series,
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In Exercises 29-36, test for convergence or divergence, using
each test at least once. Identify which test was used,

(a) nth-Term TFest

{¢) p-Series Test

(e) Integral Test

(g) Limit Comparison Test
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(b} Geometric Series Test
{d) Telescoping Series Test
(f) Direct Comparison Test
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36.



37, Use the Limit Comparison Test with the harmonic series to
show that the series £a, (where 0 < a, < a,_,) diverges if
iim na, is finite and nonzero.

38, nProve that, if P(n) and Q(n) are polynomials of degree j and 4,
respectivcly, then the series

3.0
converges if j < k — 1 and divergesif j = k — 1.

In Exercises 39-42, use the polynomial test given in Exercise 38
to determine whether the series converges or diverges.
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41.

In Exercises 43 and 44, use the divergence test given in Exercise
37 to show that the series diverges.
o n3 == N |

44, ,.22 on

In Exercises 45—48, determine the convergence or divergence of
the series.
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Writing About Concepts

49, Review the results of Exercises 4548, Explain why careful
analysis is required to determine the convergence or diver-
gence of a series and why only considering the magnitudes
of the terms of a series could be misleading.

50. State the Direct Comparison Test and give an example of its
use.

51. State the Limit Comparison Test and give an example of its
use.

52, It appears that the terms of the series

1 1
To F TobT tTees T om

+

are less than the comresponding terms of the convergent
series

1+i+5+LE+. -

If the statement above is correct, the first series converges.
Is this correct? Why or why not? Make a statement about
how the divergence or convergence of a series is affected by
inclusion or exclusion of the first finite number of terms.

(==}
ﬂ 54, Consider the series 2
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Writing About Concepts (continued)

53, The figure shows the first 20 terms of the convergent series

E a, and the first 20 terms of the series 2 a2 Identify the

n=1

two series and explain your reasoning in making the

selection,
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(a) Verify that the series converges.
(b} Use a graphing utility to complete the table.

(c) The sum of the series is 7%/8. Find the sum of the series
(2n — 1)¥

n=3

(d) Use a graphing utility to find the sum of the series
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True or False? In Exercises 55-60, determine whether the
statement is true or false, If it is false, explain why or give an
example that shows it is false,

55. If0 < a4, < b, and E a, converges, then E b, diverges.

n=1

56. If0 < a,,,, = b,and E b, converges, then E 4, COnverges.

n=|
57. 1f a, + b, < ¢, and E ¢, converges, then the series E a,
n=| -

2 .
and 2 b, both converge. {Assume that the terms of all three
n=1

series are positive.)

(==} o0
< b, + c,and Y, a, diverges, then the serics ) b, and

n=1 n=l
=)
2 ¢, both diverge. (Assume that the terms of all three series
n=1

are positive.)

58. If a,

< b,and Y. a, diverges, then Y, b, diverges.

n=1 n=l

59. If 0 < a,



